November 27, 2019

IGradient, Revisited

Suppose we are given the function
2 3
f(xy) =x"y=y"

Vf=<2xy, x2— 3y2> :

IVector Fields

The gradient is a special case of a more general type of object called a vector field.
This is one of the word list words for today: function that inputs a point (in R? or R®)
and outputs a vector.

An Example
F(x,y)=<-y,x>. Fill in the chart below with the appropriate vectors.

(x, ) F(X,y)

(1,0) (0,1)

(1,1)

(0,1)

(-1 1)

(-1,0)

(-1-1)

(0,-1)

(1,-1)

. We plot the vector field in the region [-5,5] X
[-5,5].

fieldplot(vector([ -y, x]), x=-5..5,y=-5..5, color = red)



////////4¥

////////f—
/11227 2¢+--
1 4 22

o —— Y, N,

-~

=~ ~~NNANAAN
--\\\\\\\\
-NN\\\\\\\
= ~saNANAAN

. &

1/
/1
I
Il
1
[

=

\
\ _
\ AR R R
AN N N
AR R
\\\\\\\\:4-
NANNNNN S S~
NN NN N S~

)
V)
VA
VW
\

& P S e e

Real World A

-0 rr771
-ecovr27777]/
2277777
——rr77777
——er 227777

Ny Ty Ty ] — P P

pplications

You may have seen pictures like this before representing wind or water current. Go to
graphical.weather.gov/sectors/northplains.php

On the left side of that map, mouse over "Wind Speed & Direction" for different hours.

Some Other Example

Let F(X,y)=(), X).
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Let's try a more complicated vector field. Let F(x,y)= <ln(1 + XZ), ln(l +y2>> be a

vector field.
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I Gradient Vector Fields

There is one special case of vector fields which we worked with early in the semester:
Let's take the function

f(x, y)=xy—). Thegradient vector field of this is Vf=(2 xy, X¥* —3)*). Maple has a

special command for this.

gradplot(x*-y —y’, x =-2..2, y=-2..2, color = blue)
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Early in the semester, we made a connection between the gradient at any point and

the contour plot of a surface.
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IBD Examples



As you can imagine, we can extend the definition of a vector field and a gradient
vector field to three dimensions.
Let's start with a very simple

example again. Suppose F(X,y,z)=(-Vy, X, 0). Once more,

fieldplot3d(vector([ -V, x, 0]), x=-2..2,y=-2.2,z=-2..2, axes = normal, arrows
= SLIM, shading = zhue)

3d Gradient Vector Fields

Similarly, we can use the command gradplot3d to plot gradient vector fields in 3d.
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(Comment: we will talk about this function some more next Monday in class..think



about a real world situation where the force gets larger as you get closer to the center.

)

IF|OW Lines

We can interpret vector fields as giving us the velocity at any point (we call these
vector fields velocity fields). In this setting, we can think about how a particle would
move along the vector field (think about the ocean currents we saw above). The path
a particle takes through the vector field is called a flow line.
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Now take a few sample points and think about what the flow lines will look like. This
is comparable to thinking about what would happen to a particle if you dropped it
into the vector field at that point.

Plotting Flow Lines

We use a special package in Maple for plotting flowlines called Student
[VectorCalculus].

with(Student| VectorCalculus))
FlowLine(VectorField((x,—y) ) [(—1, 4), <i, 3>, (2,-3), (-4,-4.5) |, scaling

= constrained )
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Arrows of the vector field, and the flow line(s)
emanating from the given initial point(s)

One Last Example
Let's do one more example of flow lines. Suppose we are given the vector field
F(x, y) = (-sin(x), -2 y).
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Based on the picture

What about (0,0), (11,0), and (-1x,0). It turns out that this
vector field is the gradient vector field of the function f(x, y) = cos(x) —yz(such
vector fields are called conservative vector fields). Recalling everything we know about
the connection between gradient vector fields and contour plots,

Finally,

plot the three dimensional surface [(x, y) = cos(x) —); with x between -5 and 5 and
y between -2 and 2.
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