
MAT 133 Calculus II 
2021 Spring 1 

Exam 3 Review Solutions 

1. Let . 
(a) Find the critical points of . 

       (b) Are they local minima, local maxima, or saddle points? Why? 

f (x, y) = 4x − 3x3 − 2x y2

f (x, y)

Tadworth

goodheartedness



2. Use Lagrange multipliers to find the maximum and minimum values of 
  the function  subject to the constraint .  f (x, y) = x2 + 6x + 6y2 2x2 + 3y2 = 18

glx , y) = 2x43yd
Of = (2x-16,12g)
+ Pg -- 44 Xx , by>

)→ So 2×-16=4Xx ①

122=6 Xy ②
and

2x't Sy 's 18 ③

From②
,
4=2 or y=o .

1
If X=2 ,

then by① If y=O then by③
2×-16=8 X 2×2=18
611=6

son:&! . . / s

y
'
-

' Ys
y=±4fg

This gives
us several points to test :

f-G.D= 9-118 to -270
ft] ,03=9-18 to

Hi
,
I = I -161-64%3=390

asoutkmmaxnininiaamui.se



3. Evaluate the following integrals. 

(a)   

(b)    

(c)   

∫ sin 2x cos3 2x dx

∫ x
9 − x4

dx

∫ x sec2 x dx

a- COS 2X U-substitution

du= -

2sinaxdx-Ygdu-sinzxdxsothcnteyralbewm.es Su't's)du= -I.fu" -1C
=¥co52X-C

u=×2
U- substitution and inverse trig

dn=2xAx
£du=xdx

(
stoma

so the integral becomes
fg¥ - Idu

=.IS#rfuyjgdu=ffyFgyadu-f-sin-YF).s=Isii'zI
Tehan rule

U=X u=+an×
Integration by parts

du=ldx dv=sedxdx

Soothe integral becomesur-fvda-xtanx-ftanxdx-h-anx-lnls.ec#



(d)  

(e)  

4

∫
4
3

x2 − 4
x

dx

∫ tan3 x sec3 x dx

trig substitution

X=2Sec -0

dX=2Seco tan -0 do

whenX
,

see =L
,
cos -0 = La , E - JI

when
,
Seco - yrs , cos o

-

- Iz
,

o = the

so the
-

integral,ew×7 since Neil = tank
=

¥% . # exo tano
do tano

←¥ weget
×

¥? atano . tano do tan'odo=¥!L (sede - 1) do
=2(tano - o = 2ftants

- th) - 2L tan'The -TD

=2lrsTb)-2(Yrs_tT

f-
derivative of Sec x

= ftanxseix (tan x. seex)
dx

Since tank = 5¥ - I we have

fcsefx-D.se ix. ( tanx. see x)
dx

= ftse x - seed . Ltanx . sax) dx

u-- Sec X

du-t-anx.se/dx=Jut-uddu=yI-yI-c=TeIx-segI-cJ



(f)  

(g) (see next page) 

(h)  

∫ x3 + 3x − 2
x2 − x

dx

∫ 4x2 − 5x − 15
x3 − 4x2 − 5x

dx

partial factions

' "

so =*ii¥xtI¥¥2 ) - 2

¥sx Hence dx=fxtit4¥dx=±+
-1×2×-1

4×-2
-

4 = ¥ -1¥,
XCX -t ) 2 2 2

SO 4×-2 = A (x - 1)+BX

when x=l weget

a.÷÷÷*j¥÷:
*

- 2

2

I

partial fractions

X
'
- 4×2-5x=X( x'- 4×-5) =

XCX -5) LXTD

SO 4×15×-15
xT¥xt= # t.IT

-1¥

Or 4×2-5×-15-_ Atx -5)CXTDTBXCXTD
t Cx ( x -s )

when X weget -15 = AL-5) . I or A =3

When ¥5 we get 4.25 - 25 - b- =D - J - 6

60=30 B
or D=2

When we get 4-15-15=4-Dl- 6)
or ⇐

- I

-6=60

So dx=fIt¥s -¥,
Ax

=3lnlxlt2lnlx-5l-lnlxtT



(g)  ∫ sin4 2x cos2 2x dx
Since both sin and

cos are to even powers ,
. we need to use the half angle formula .

Cos
2
2×=

I4x
2

Sinkx = (sinkx)2=(1-42-5411)?
I-2cos4yXt4x

So the integral becomes

f. (l-dcos4j4x) . (11-0241-1) dx =

--I -26544 too#X tax4×-2*54×-1654X DX =
¥

¥51 - cos 4x - cos -4X tcos
'

4 x dx =

f- ( x - I, sin 4x
- fcosiyxdxtfas' yxdx) =

We compute the last two integrals
JW54xtx-ffwsudu-ICIutfsinzutc-f-4xt.atsin 8 X
u=4X #
du = 4 DX

JWP 4Xdx = fccosyx) ( cos -4 x)
dx -14054×14 - sin

-

yx ) DX

= fcosyxdx - Ssi n
-
yx cosyx DX

U⇒x Au = 4 DX

= Isin 4X - tyfsinu cos u du
= f- sin 4×-4 sin}4XtC

Putting it all together

o4x-fsm4x-fIx-¥sin8x)tfsin4x-tzSin'4x#



(i)  

             (j)  

∫
3

1

1
3 − x

d x

∫
0

−∞
xe−x2 d x

vertical asymptote @ x⇒ .

tins..si#dx--.i:..-ar-xliusubvrthu--z-ydu=-xdX--eh5.-f-aE-tar) -- lard
→ o as

+→5
,
i. e.
t slightly smaller

than 3 .

÷
= !'T - • ⇐ e-Mdx

U -substitution

2

u= -X

du = -zxdx-tzdu-xdxf-I.edu-_
-Leu/ 2

- X

=-'ze0
Plug back in

to
limit

statement

=L'S
.

.IE/=
I

-45
.-

'te - ft ¥17..
- I
-

So limit isI
- 9¥50. gas



4. Find the absolute maximum and minimum values of the function 
 on the region defined by , , and .f (x, y) = x2 + y2 − 2x − 4y x ≥ 0 y ≤ 3 y ≥ x

÷÷÷÷÷÷÷÷÷:* .

of

Ty = 22-4=0
when y

-

- 2

Hence a critical point
at ( 1,2) and f- Li ,D= 1+4-2-8=-50
-
Now check Li . Along this lineg- X for o exes .

So thx , x) = 2x
'

- Lex
.

Call gcx) = 2×2- GX then

g.
'

Cx) = 4×-6
4×-6=0 if x=%

Max occurs at endpoint ×⇒ so x=Yz is

so we record max and min values % min

f- (3,33=9-19 - 6-12=00
f- (42,424=941-9/4-3 - 6 =

-
Next check L2 .

Here y=z for osxE3 .

So f (x ,3) = X
'

-19 - 2X - 12

Call glx)=x
'

-12×-3 This is o when
= x'- 2x -3

g.
'

CX) = 2X- 2 x= I

ttt
→ min here

so max at
endpoint ×=3

We record maxlmin values .

f- ( l ,3) = It 9 - 2-12=-40
f- (3,3 ) done before-

where o eyes .

So flag)
= y
'

-4g

Finally check ↳ .

Here ×=0 This is o when y=2 =L't
callgLyj=yZ4y

and 597254 ↳ mind max at y-- o .

We record Maximin values .

f- (0,07=00
= -0f- 10,23=4-8 4

-
Putting this all together we getaarmnianxyaw.ly#a


